Abstract. A method has been developed for detection of arbitrarily oriented multiple open cracks in a slender
INTRODUCTION
Detection of crack in shafts and beams has been the focus of number of researchers in the last few decades . Changes in mechanical behaviour of a component due to presence of a crack facilitate its detection. Among the various methods available in the literature, vibration based non-destructive techniques have been shown to have potential for practical applications. Most of the methods based on vibration response consider the component as one dimensional and change in natural frequency [2 -9] or mode shape [14, 17] as the basis. Out of the two, the first one is more widely considered. Ruotolo and Surace [18] have used weighted combination of these two in developing an optimization algorithm for the detection. Some investigators [10, 11] have used change in forced vibration responses for the same purpose.
A review of the methods for detection of multiple cracks is presented by Sekhar [19] . Liang et al. [9] , Hu and Liang [4] and Patil and Maiti [16] indicate that the problem of detection of multiple cracks of the same orientation in rectangular beams can be handled in two stages. In the first stage the focus is on localisation of a crack; in the second stage, the determination of exact location and size are addressed. Xiaoqing et al. [20] and Khiem and Lien [6] have formulated the forward problem of finding frequency of beams with multiple cracks by transfer matrix method. For solving the inverse problem an optimization method is given by Khiem and Lien. In methods based on sensitivity analysis [3, 7] , sensitivity of the frequency to the unknown crack parameters is first established. The crack details are predicted subsequently through an inverse analysis. Of late, researchers [1, 10] have reported usefulness of wavelet based transformation of mode shapes for detection of multiple cracks.
With an increase in number of cracks, number of unknown parameters increases. This adds to the complexity of the problem. Although multiple crack problems are widely encountered in practice, relatively few methods of solution are available. If these cracks have different orientation angles the problem gets further complicated; bending, torsion and axial vibrations get coupled [12, 15] . Chasalevris and Papadopoulos [1] have addressed such problems with two arbitrarily oriented breathing cracks in a continuously rotating shaft. They have used wavelet based transformation of deflected shape of the rotating shaft with cracks to identify the crack locations. They have employed frequencies of vibration to predict further the depths and orientations of the individual cracks. Detection of such cracks for components other than rotating shafts has not yet been addressed. In the present study, detection of arbitrarily oriented multiple open cracks in slender circular shafts (with length/diameter ratio > 12) is examined.
METHOD OF DETECTION
A slender shaft with two arbitrarily oriented cracks with straight front is considered ( Figure 1 Papadopoulos and Dimarogonas [15] and Naik and Maiti [12] have shown that for short (i.e. Timoshenko) shafts or beams with arbitrarily oriented cracks, flexural vibrations in two mutually perpendicular directions are coupled. Further the torsion and longitudinal vibrations are also coupled with the flexural vibrations. However, for slender (i.e. EulerBernoulli) shafts or beams the shear deformations are negligible. Therefore, though the flexural vibrations in the two orthogonal planes are coupled, the torsion vibration remains uncoupled with the flexural vibrations. This issue is utilized here to detect arbitrarily oriented multiple cracks. In the procedure followed, the cracks are localized in the first stage of solution, and, in the second stage, location and size of individual crack are determined.
Damage Localization
For the analysis, a given component is virtually split into a convenient number of segments of equal size. In the presence of cracks, the potential energy of each segment reduces, which depends on the crack size. This reduction is represented by a dimensionless parameter, whose value varies from 0 to 1. Value 0 corresponds to no crack and 1 corresponds to full separation of the segment. Through the procedure given by Patil and Maiti [16] it is possible to relate under purely linear elastic situation these damage parameters linearly to the change in natural frequency in a given mode. Knowing the changes in a set of natural frequencies these parameters can be solved for. In turn, the unknown crack location and size corresponding to each of the damage parameters can be determined. The linear relationships between the changes in natural frequencies and the damage parameters are obtained as follows.
The natural frequency ω n of mode n of a crack-free shaft is given by Rayleigh quotient:
θ n is n th torsion mode shape of the shaft, G is rigidity modulus, J is polar moment of inertia of cross-section, I mx is the mass moment of inertia of a unit length of the shaft about the bending axis and L is the shaft length. In Eqn.
(1), U n represents maximum potential energy of the crack-free shaft in the natural mode n and D n represents the maximum kinetic energy divided by 2 n ω in the same mode. Change in ω n due to crack/cracks in mode n, n ω Δ , is given by
It can be assumed that there is negligible difference between overall torsion mode shapes of the component with and without cracks. Further, the kinetic energy of the shaft in a particular mode does not change appreciably due to presence of a crack or cracks. Therefore
ΔU n represents the reduction in potential energy due to all the cracks. Following Patil and Maiti [16] , the shaft is virtually divided into m number of segments. Each of these segments may have a crack. Therefore the maximum number of cracks that can be handled simultaneously by this method is m. If a shaft or beam segment has a crack, its energy reduces from the level corresponding to the crack-free geometry. Representing this reduction by a fraction S i for segment i, Eqn. (3) is rewritten as follows.
( )
U ni is the potential energy of shaft segment i when it is crack-free.
The damage parameters are independent of the mode of torsion vibrations and are dependent only on crack size. Considering N number of modes, a set of simultaneous equations is obtained.
It may be noted here that changes in frequencies of the number of modes (N) to be provided as input is a function of the number of cracks to be detected. For any crack its location and size are the two unknowns, if the orientation is ignored. For detecting therefore, n c number of cracks, changes in minimum (2n c +1) number of frequencies are required as input. The number of segments in the shaft for such a case should at least be n c , because each segment can have at the most one crack.
A typical element h ni of matrix [H] corresponding to mode n and segment i of the shaft is as follows.
The integration limits L i and L i-1 are the end coordinates along the shaft axis of segment i.
Natural frequencies obtained by either experiment or numerical simulations are the basis to obtain the left hand side of the set of Eqn. (5) . In the present study, the natural frequencies of shafts with and without cracks were obtained by finite element analysis using ANSYS10 and the shafts were split into ten segments for all the cases reported here. The coefficients of [H] matrix were evaluated through Eqn. (6) . The set of equations obtained through Eqn. (5) were solved to obtain the damage parameters. The number of nonzero damage parameters thus obtained indicates the number of cracks present.
Prediction of Crack Location and Depth
To find out the crack location and size of a crack corresponding to a non-zero damage parameter, in the second stage of solution, the changes in natural frequencies are obtained from Eqn. (5) by setting all other damage parameters except the one under consideration as 0. The given shaft is now considered with a single crack. Vibration of each segment is governed by a second order partial differential equation [12] . ( , ) ( , ) 0.
ρ and G is density and rigidity modulus of shaft or beam material respectively. Its solution can be written in the following form.
( , ) ( sin cos )( sin cos ) ( )
.
Eqn. (11) can be employed to plot the variation of K with β 1 for at least three natural frequencies calculated using changes in the damage parameter. The intersection of three curves gives the required crack location and the corresponding spring stiffness K. To obtain the crack size from K, the following relation based on the compliance coefficients given by Naik and Maiti [12] is used.
ν is Poisson's ratio. The proposed method has been tested for shafts with two, three and four cracks and fixed-free and free-free boundary conditions.
CASE STUDIES

Fixed-free End Conditions
A steel cantilever shaft with Young's modulus 210GPa and Poisson's ratio 0.33 is considered for the numerical experiments. Length of the shaft is 0.8m and diameter is 0.04m. These shaft dimensions correspond to a slender configuration. Cases with two, three and four cracks have been studied. The case details and the input natural frequencies, obtained by finite element analysis (ANSYS 11), are given in Table 1 .
For a fixed-free shaft, matrix [H] is obtained noting that its typical element ( )
β l and β r are the dimensionless coordinates of the left and right ends respectively of the segment i. Using the finite element data, Eqn. (5) is solved for the damage parameters S i using (Figure 3 ). Three such variations corresponding to the three frequencies intersect at a point to give the crack location and the spring stiffness K. If the three curves do not intersect at a point, the centre of gravity of the smallest triangle formed by the three paired intersections is taken as the approximate intersection point [12, 13] . The chance of getting the intersection or the smallest triangle improves through the zero setting [13] . The crack size is obtained using K and Eqn. (13) . Similar exercise is carried to obtain the details of the other cracks.
Zero Setting
The natural frequencies, which are given as input for the detection of single crack details to Eqn. (11) are principally based on finite element analysis. Since the changes in the frequencies are mainly due to the cracks in the shaft, the frequencies of the corresponding crack-free shaft obtained by the finite element analysis should tally with the theoretical values obtained from Eqn. (11) using K=∞. In most cases this does not happen. To settle this discrepancy, correction is applied to the frequencies obtained by the finite element analysis through the shear modulus. This is termed as zero setting [13] . The modified shear modulus utilized to calculate the dimensionless natural frequency parameter λ cn , which goes as input in the second stage to Eqn.(11), corresponding to a case with a crack in a particular mode n, is obtained as follows. Table 2 lists results for six cases. The absolute error (~0.75%) in the prediction of location of a crack is higher than that (~19%) in its size. This observation is consistent with that reported by earlier investigators, e.g. Patil and Maiti [16] . Table 1 .
Free-free End Conditions
Material and geometric properties have been taken the same as in the earlier case of fixed-free shaft or beam. Again, problems of two, three and four cracks were considered. Details of these cases are included in Table 3 The integration limits β l and β r are the dimensionless coordinates of the left and right ends respectively of segment i.
Because of the symmetric nature of mode shape of crack-free shaft or beam in this case, only one half virtually split into five segments is analysed. Again the MATLAB command 'lsqnonneg' is used to obtain the values of the damage parameters. To obtain the locations and sizes of cracks, the following characteristic equation involving K, β 1 and λ cn has been employed.
For this case too the input data for six cases were obtained by finite element analysis. These are given in Table 3 . Typical variations of normalized spring stiffness with crack location obtained using Eqn. (17) in the second stage after the zero setting are shown in Figure 4 . From such plots crack location and K are obtained. Crack size is then obtained using Eqn. (13) . Table 4 presents the absolute error in prediction of crack location is again smaller (~2%) than that (~23%) in depth. 
CONCLUSIONS
Presence of arbitrarily oriented multiple cracks in a component results in coupling of axial flexural and torsion vibrations. For slender components however, the torsion vibrations remain decoupled. This fact is utilized to develop a method based on changes in torsion natural frequency to detect arbitrarily oriented multiple open cracks in slender shafts. The approach can be applied to beams of circular cross-sections. The performance of the method proposed has been demonstrated through numerical studies in the case of fixed-free and freefree shafts involving two, three and four cracks simultaneously. More case studies are reported in [5] . The maximum error in prediction of location and size of crack is less than 2% and 23% respectively. It is recommended that the number of input frequencies be kept as (2n c +1) for detecting n c number of cracks. Since the torsion natural frequencies are not dependant on the orientations of the cracks, the method proposed cannot predict the crack orientations. Further studies are required to facilitate the predictions of individual crack orientations. Table 2 . 
